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Abstract— In this work, Opoola Differential Operator which is
a generalization of Salagean Differential Operator and Al-
Oboudi Differential Operator is used to define new subclasses
of analytic univalent functions using subordination principle.
Also, by means of Chebyshev polynomials of the second kind,
coefficient estimates, upper bounds for the Fekete-Szego
functional for the new subclasses defined are obtained.
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I. INTRODUCTION

Let A be the class of functions analytic in the unit disk
I = {zel:|z]| = 1} f(z) is said to be in the class S if

flzd==z+ Z a,z"
with the conditions (0} = 0, £ {0} = 1.
Chebyshev polynomials which are of four kinds, are widely
used in many areas like numerical solutions of ordinary and
partial differential equations, analytic functions and so on.
Many research journals are using the first and second kinds
of Chebyshev polynomials because of it’s orthogonality
property. See [2-4], [9] and [12].
The Chebyshev polynomial of the second kind in t of degree
n can be defined as:
gin (n+ 118
U, () =———
a(8) sing

The generating function for Chebyshev polynomial of the
second kind is given as

., t=rcosf, te[-11]

Hizt)=1+ 2z + @t - 12 + 88 - 4t)2* 4 (6t - 1267 4 1)z 4 (1)
The Fekete-Szego inequality states that if
f2) =z40,2% + a2 + (2)

is a univalent analytic function on the unit disk and
0=41=1, then

—za

ClA) = lag — 2a2l < 1 + 2eT-7
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For a class of functions in A and a real number i, the
Fekete-Szego problem is all about finding the best possible
C(1) for functions in A. Some of the researchers that have
worked in this area are: [10], [13] and [20].
Let f(z) and g(z) be analytic functions in the unit disk I,
then f(z) is subordinate to g(z) in I written as f(z) =g(2), if
there exist a function w(z) analytic in T with w(0)=0, |w(z)|
< 1 which is called the Schwarz function such that f(z) =
g(w(z)). If the function g is univalent in I, then f(z) <g(2); z
e = f(0) = g(0) and f(II) =g(). see[16].
A function f(z} € 5 of the form (2) is star-like with respect
to the unit disk T if it maps a unt disk onto a star-like
domain and it is denoted by 5. A necessary and sufficient
condition for fiz) to be star-like is that
f @)

Re{zf{z]}:}ﬂ, zel

An analytic function f(z} is convex if maps I conformally

onto a convex domain and it is denoted by C. Equivalently,
f = C ifand only if it satisfies the following condition

f"{zj}

ARey1+z—; =0 zel

{ f'(=)

Il PRELIMINARIES

Lemma 1. [6]

If peP with the series expansion
plzl=1+pz+pzi +pz?+ .zl with
Re(p(z)) = 0 and pl0) =1. Then

ol 2 2n=11,23 ..}

Lemma 2. [14]

Let the function € P be given by the series (2). Then for
any complex number o,

lp: — opf| < 2max {1,120 — 1]}
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And the result is sharp for the functions given by
Lemma 3. [15]

If plz) =1+pz+pz’ +p2° +
with positive real parts in I, then

is analytic function

-4+,  ifu=0
lp, —vpdl =42, if0<v=l
qv — 2, ifv=1
Opoola  Differential Operator.  [19]:  For

p=00=u=gnel,zell the Opoola differential
operator D™, u. G1f: A — A is defined as follows
D (p.u.B)fz) = f(2)

DYp.u )f(2) = paf (z) - 2B —u]p +0+@-p-Dp)f()

D*(p. . f)f(2) = (00 A)fC2N) z+Z[1+k+8 0=zt (3
This operator was studied by the author in [8].

Remark 1:
e When p=1, u=pg then D" (p uwpfifiz)
becomes the Salagean differential operator.[22]
e When u=g, then D™(p, u ) f(z) becomes the
Al-Oboudi differential operator.[1]
Definition: For e (0.1]. a function f{z) given by (2),
analytic in the unit disk T is in the class
SCn. by, B.p. U, (£)) if it satisfies the subordination
condition belowlg "
1(z(D" (B, p)f2))
E[—D%&p}f@ -1} <Hlz,t) (4)
Where n e My = {0}U{1.2.3,..}.b € C/{0L D" (. B. p)f(2) is
given by equation (3) and H{z. £} is givenby eq.(1).
Remark 2 :
when Hiz t} is replaced with ¢z} (see [15]) in equation
(4), then the following remarks hold
e When n =10, equation (4) becomes
5:(g) introduced by [21].
e When n=01,6b=p=148=u, equation (4)
become the classes of functions known as Ma-
Minda star-like and convex functions respectively.
See [15].
e Whenn =1, # = u. 2 =1, equation (4) becomes
the class €5 () introduced by [21].

the class
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Il RESULTS AND DISCUSSIONS

COEFFICIENT BOUNDS FOR FUNCTIONS IN
THE CLASS SC(n. b.p. . .U, (£))

Theorem 1: Let the function f £ A given by (2). If the

function f is in the class
SC(nb,uB, 2 U, ).t €(0,11,6 € [0,7], then
2t |b|
|ﬂ-: | =

[1+(B—p+1)pl"
1( {2t -4t 4 1]} P4t

1
o s

1 ) )
————— |+ 4 + 15 4 3
ST ]le H40 1 -t 4 3

t4 (7267 - 16b + 24b%)

log| 2

|ﬂ5|

1
Tl (B -pt )
+ (400" 448 - 320%) - £(760" + 120 4 144D°

) . 3T
- t(24b - 186°) - 365° + ——+ 55‘ (5)
Proof:

If F(z) € SC(n, b, u, B, . U, (£) ), then there exist a Schwarz
function «(zJ, analytic in the open unit disk
U with «(0) = 0,lw(z)] = 1 such that from the definition
of subordination and( equati]oné:])
1(z(D"(wB. p)f(2))
"{ D'wBPFED 1} = Aw=)8)
From the definition of Chebyshev polynomial,
Ho(),8) = 14 0,0 (06) + L,OWEY + 5,0 &)
0,0l +
Since w(z) is a Schwarz function then the function (=} is
defined as

1+ wlz) _
p(z) :ﬁ= 1+p (2 +ppz* +

Which implies that
i on), 1l ! B e oA
w(ﬂjﬁ{ﬁ-J +{?1 WJH {m wh- ?+T-Ez‘+

Hence,
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Hlole)t)= B

i 8

-U t ¥ () ”

+’$(m-m+p‘;] ‘( (Pm p) Uu((JpH]

I Ly TR AR (TR
+’#(m-m-%+%-%)+&(¢m+%-%-%J+%(3m-%)
U )

%‘zw-- ]

Also,
1(z(0"uf pf))
a[_mw,p)f@ ‘@
=%{[1+(S—,u+1}p]“u:z+(2[1+(3-#+2]p]"ug—[1+(3-u+1]p]”a§]z=
600+ (8- u4 3l ey - 31+ (- p 4 Dl L4 (B -0+ D",
{14 (B -p4 2l ad)?
U+ (B -ur 4l a - 41+ (-4 1)l L4 (B -0 )l ne,
S+ (- pt D e 4L (B-p+ DL+ (B- 54 el ey
[+ -t el 4} (6
Comparing the coefficients of the powers of z in equations
(5) and (6) and using lemma 1, the result of equation

follows:
Corollary 1 if

) € 5€(0,5.1 8. 2,U, ©). t € (0,11, then % = 2121
; o1
Iﬂuli?t‘|{h+b*|+—
|a4|ﬁi |£3(8h + 457 + 1257} — t(4b + 357

1
\as\fi

2K - 160+ 245) + F 1400 + 480 - 18°) - 760 4 120 4 440" - 104 - 185°) -

Corollary 2:

When 5C(n b, w8, 2, U,()) is reduced to 5(0,b, ¢lz))
,studied in [21].

We proceed to solve the Fekete-Szego problem for the new
class of function defined when o is complex

FEKETE-SZEGO INEQUALITY FOR FUNCTIONS
IN THE CLASS 5C(n, b, u. . . U, (£))

Theorem 2: If f(z} given by equation (2) belongs to the
class of functions SC(m b, .8, 2.U,(£)), then for any
complex number . t € (0,1],8 € [0, 7]

ol bt lu (? [1+(,8-,u+2]p]“_1)%l
T T o I o PR o
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beCf0l, O0=zu=f p=z=0 oel
Proof:
From equation (5), the Fekete-Szego inequality can be

written as
bt

201+ (8 —u + D)pI"

1 at?-1 [L+(f-p+pl™
= - — 2 - - = — 2
Where v . {1 - + (_r.r TIPPRET 1) _ht}On

application of lemmas 1 and 2, the result follows.

Corollary 3:.

If F(z) € S5C(b. ¢ (2)), then

It reduces the class of functions studied in [21].

Next, we consider the case when & is real in the following
theorem

Theorem 3: Let b = 0.t € ((L1] and let f{z] be given by

equation (2) belongs to the class of functions
.S'C{n, b,ufB.p. 10, {t]}. Then for & £ K. we have

, 4t1-1 i -2 2 1(4f-2-1
| =2y 1=+ (20g - 1)2bt +2 .fﬁsﬂ T t1

la; —oail = {p: —vpi}

ht?

sl g LESRT ) TNl

Bl oL r Tt LA
P O PPN et
ST Ay B K™ By

Where k = =

e = 21+ F—p+2p]™
Proof:

4F
Let &= 2 {T+ 1} then from equation (5),

Fekete-Szego inequality can be written as
bt
21+ @B -u+ 22"

{p —vei}
atioa [1+(f-p+mypl™
Wherev = {1 - + (25 [L+F-p+plin - 1) 251‘}

On application of lemma 3, the following cases are
considered;

Case 1:

la; —wal| = —4v + 2,if v = 0 this implies that

1[1 (?a (14 -u+2gl" IM :
G-pro )|t

1( 41 1+(8-ut 2"

-31- 12 ——1|2bt; =10,

2 2t (148 -p+1)pl™
[1+(f-p+2) g™
[1+(f—p+1iplin

la; —oajl =

|e, —vai| “htl=-4

That is when

Let = q. then
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oy - 6c8] <[-2{1- =2 (25g - 228} +

2] i Sé[#:_:H'l' 1} ®

4t

Case 2:
la; —val| = 2,if0=v=1
If 0 = v, itimplies that
1 #*-1 1+ -u+ 22" ) }
-11- +128 - ——1)|2bt; =0
2[ 2% ( [1+ (8 -p+ 1)y
{:u:—:r—i_l_l}

4bt?

Then & I:iq

And if v = 1, it implies that
1( #f-1 14+ -ut2pl" ) }
-i1- 26 ——1|2bty =1
2{ 2t +( 148 -pu+1)pl™

Which also implies that

5 1 (482 $26—1 ;
.::_ —_—
~ 2q dht? *

So, " "
|a1-aa5e:zksfne:lrr—zf_ui}c:a::lrt‘+2f_l+1J U
S T N T

Case 3:

la; —val| =4v —2,ifv =1
then

it

o -8l <k[2{1- =+ 28 - D2at} -

atl-2t-1

JysaiEzd o

Hence, from equations (8), (9) and (10), the result of
theorem 3 holds.

Conclusion: Opoola differential equation, see [19], when
some conditions are set in, is a generalization of both
Salagean and Al-Oboudi differential operators. This
operator was used to define a new subclass of analytic and
univalent functions. New results were obtained such as the
proofs of theorem 1-3 and corollary 1. Also, the
generalization of the existing results such as Remarks 1 and
2, corollaries 2and 3 were obtained in this work.
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