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Abstract— In this work, Opoola Differential Operator which is a generalization of Salagean
Differential Operator and Al Oboudi Differential Operator is used to define new subclasses of
analytic univalent functions using subordination principle. Also, by means of Chebyshev
polynomials of the second kind, coefficient estimates, upper bounds for the Fekete-Szego
functional for the new subclasses defined are obtained.
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Introduction

Let A be the class of functions analytic in the unit di
U = {zeC: |z| = 1), f(z) is said to be in the class S if

=

fE:"J=:+Za-<:‘

T

with the conditions £(0) = 0, £ (0) = 1.
Chebyshev polynomials which are of four kinds, are widely used in many areas like numerical
solutions of ordinary and partial differential equations, analytic functions and so on. Many
research journals are using the first and second kinds of Chebyshev polynomials because of it’s
orthogonality property. See [2-4], [9] and [12]. The Chebyshev polynomial of the second kind in

sin(n+ 1)8

U, ()

d t=cosf, te[-11]
t of degree n can be defined as: sind

The generating function for Chebyshev polynomial of the second kind is given as

T e

Hizt)= 14 2r 4 (48 = 1 + B = 4l 4+ (166 - 126 + 1)g 4
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The Fekete-Szego inequality states that if
= stugtadsn
IS a univalent analytlc function on the unit disk and
0<Ai<1l them
CA)=la; —Adail =1+ ze_—_i*
For a class of functions in A and a real number the Fekete-Szego problem is all about finding the
best possible for functions in A. Some of the researchers that have worked in this area are: [10],
[13] and [20]. Let f(z) and g(z) be analytic functions in the unit disk , then f(z) is subordinate to
g(z) in written as f(z) g(z), if there exist a function w(z) analytic in with w(0)=0, |w(z)| < 1 which
is called the Schwarz function such that f(z) = g(w(z)). If the function g is univalent in , then f(2)
g(z); z f(0) = g(0) and f( ) g( ). see[16]. A function of the form (2) is star-like with respect to the
unit disk if it maps a unt disk onto a star-like domain and it is denoted by . A necessary and
sufficient condition for to be star-like is that

f{}} .
R{f{} oozl

An analytic function is convex if maps conformally onto a convex domain and it is denoted by C.

Equivalently, if and only if it satisfies the following condition

f (= ]}
Reyl4+z——¢>0 zel
{ f=)
Il Preliminaries
Lemma 1. [6]
I8 FO= WViLLL e SO 1CS I:.';Pﬂu_\ll.l.ll
p'_z_'l='J._+p1:+pr:z:+;:1:3+---.zE'U with
Relp(z)) >0 and pl0) =1. Then
lp | < 2n=1{1.23....}

Lemma 2. [14]

Let the function be given by the series (2). Then for any complex number
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lpz — opi| < 2max {1120 —1l}

And the result is sharp for the functions given by

p@ = Gev).

Lemma 3. [15]

If plz) =1+pz+pz* +pz® + = is analytic function
with positive real parts in U, then

—du + 2, ifo=0
Iy —wpdl =42, if0l<vr=1
o - 2, ifr=l

Opoola  Differential Operator.  [19]:  For
2z200=su<fneN,zeU, the Opoola differential

operator D"(p, u.B)f: A = A is defined as follows
D(p.u.B) () =£(2)

Do f)fle) = paf () -l - Wp + (1 4 (8 - s - Vp)f(2)
g

Do affid =0 pasyiyzss ) Dsbig-r-Uiltad @

This operator was studied by the author in [8].
Remark 1:

e When #=1#=Fthen P"@rEFE pecomes the Salagean differential operator.[22]

o When' “Zthen P"## P hocomes the Al-Oboudi differential operator.
Definition: For a function given by (2), analytic in the unit disk is in the

SCnbw B.2.U ) it it satisfies the subordination

! {Z(D"(u.ﬂ-p)f(z))'
L D*up.p)f@)
Where n € N, = {00U{1,2,3,..},b € C/{0),D"(u.B. ) f(2) is

class

1} <H(z,t) (4)

H(z t) is givenby eq.(1).
given by equation (3) and
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Remark 2 :
Z
when H(z. t) is replaced with ¢( ) (see [15]) in equation (4), then the following remarks
hold

e When equation (4) becomes the class Which implies that introduced by [21].
e When , , equation (4)become the classes of functions known as Ma- Minda star-like and
convex functions respectively. Hence, See [15].

e When equation (4) becomes the class introduced by [21].
I11 Results And Discussions

Coefficient Bounds For Functions In The Class SC(ﬂ, b.u.B.p. Un(t) )
Theorem 1: Let the function f € A given by (2). If the

function f is in the class
SC(nb,u.B,2.U,(®).t €(0,11,8 € [0,7], then
ol < 2¢ b
R EA @B -u+ 2"
1 1

t—=(b{2t - 4% + 1} - b*4¢?
los | € ST b (b{Z +1}
1

< |t3(8b +40° + 12b°} - t(4b 4 30°]
{ 3+ 6 -utplt { -4

t4(726° - 16b + 24b*)

lag| €

“41+ (B -u ++)p]*‘
+ t3(40b° + 48 - 326%) - t3 (7607 + 12b + 144}

-
-

~ t(24b - 18%) - 36b° b 5b (5)

Proof:
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If f(z) € SC(n, b, u, B. 2, U, (£) ), then there exist a Schwarz
function w(z), analytic in the open unit disk

U with @(0) = 0,lw(z)] <1 such that from the definition
of subordination and equation(4)

BTGNP T
T D2 @

From the definition of Chebyshev polynomial,

Hlw@)8) = 140,60 (06) + 00wk + 50 k)
0,0 @R+

- 1} = H(w(z).t)

' "\'l \sz} '

Since w(z) is a Schwarz function then the function p(z) is

defined as

1+ w(z) .
p(z) =ﬁ=l+p1(z) +p,z0 4o

Which implies that

LR B! Sl dl B W R,
eI Y KR Y K] L PRI

Hence,
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(02 U:((t)( r«) |,
ARE () H(() nt
T WL W
+TP.'.W4 +7M 7) U(()g’
ey -&ﬁh_t*im E_”_Ui} W,
R GLOPAIT A AP ) L)
U],
$ " I+« (9)

Also,
. {z(v“w.p)f&))' 1]
NN

1
=04 (6-p s Dpl'e £ QlL+ (8- p ' - (14 -t el )

+01+(B-pt3)pl e =31+ (B-p+ 1) (14 (B -0+ 2pl 0,0,
+H1+@ -4 D)
+A+@-pt ) e =41+ (B-u+ 1)) (14 (B -u+3)pl"0s0,
S0+ (8-t 0o 4014 (8-t )14 (- u+ 2)pl ey
-[14@-p+ o) 4} )
Comparing the coefficients of the powers of z in equations (5) and (6) and using lemma 1, the

result of equation follows:
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Corollary:1

fz) e 53(0. b, B, 2, Uy (D), t € (0,1]. then 32| = 2¢17]

1
las| < 26215 + 51 + 5

1
lag| < 3 1t3{8b + 4b® + 12b%} — t(4b + 3b°|
lasis;:‘(7zb1-16b+24b‘)+z‘(wsf++ab-3zb=)-r‘(7er'+1zb+144b‘-m-wbi)-
W
+T+Jb

Corollary 2:

When SC(n.b w.B.p. U (t)) is reduced to .S'(O b, q’:(z))
,;studied in [21]

We proceed to solve the Fekete-Szego problem for the new class of function defined when o is
complex

Fekete-Szego Inequality For Functions In The Class
SCn.b,u,B.p.U,(t)

Theorem 2: If f(z) given by equation (2) belongs to the

class of functions SC(n b,u,B8,2.U,(t)), then for any
complex number o, ¢t € (0,1],8 € [0, 7]

bt |4: -1 ( 1+(8-u+ 2y )%“
14(8- u+’p]’ |’: [1+(8 u+1)p]' ¥

lay =083 ¢ ™

beC0}), O=<u=<p p20, ocel
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Proof:

From equation (5), written as the Fekete-Szego inequality can be

bt
21+ (B —u + 2)2I"

. a3 -1 L+(B-u+)pI™
Where v = 2{1 S ; (20 TRy 1) th}On

-

la; —oail < {p: —vp{}

application of lemmas 1 and 2, the result follows.

Corollary 3: .
If f(z) € SC(b, (), then

It reduces the class of functions studied in [21]. Next, we consider the case when is real in the

following theorem

Theorem 3: Let b = 0.t € (0,1] and let f(z) be given by
equation (2) belongs to the «class of functions
SC(n b, u.B8.2,U, (). Then for & € R, we have

( 4 -1 1(47-2-1
k[-2{1-7+(26q-1)2bt}+2] INSZ{T }
, (47 -2-1 1 (47 +2t-1

la; - 603 < ZkifZ{T+1]SGZ[T+I}
k[Z[l-ﬁHMq-l)th]-Z z‘f6>l{w+l]
\ 2 “2( 4bt?

Where & = 2[1+(8-1u+2)p1“

Proof:
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1 (42-2t-1
< o
Let 0= 29 { 4pe?

Fekete-Szego inequality can be written as
| bt
2[14 (B -u+2)pI"

§ — _1. . 48-1 [1,(3_“+2)p:n 3
Where v = 2{1 o T (25 TR 1) th}

-

- 1} then from equation (5), the

la; —oa3l < {p: - vm’}l

On application consideredof lemma 3, the following cases are
Case 1:

la, —vai| £ —4v + 2,if v < 0 this implies that

1 4-1 [ [14B-ps g
5{1- % +(26[1+(8-y+1)p]”--1)2bt}}+2

loy =vai| = =4y + 2= -4

That is when

1( 4*-1 1+ @ -ut2)pl"
-2-{1- = +(26 [1+(B_y+1)p]2n-1)2bt} <0,

[1+(8-p+D g™ _ |
[1+(8-psDgiin & then

Let

lay -6a| Sk[-z{l-‘%maq - )25t} +
at-2t-1

) if6si[ 224 @
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:k‘

Case 2:

la, —vai| £ 2,if0<v<1
If 0 < v, it implies that

1( #°-1 (148 -u+2)pl"
5{1-T+(za [1+(B-y+1)p]-2"-1)2bt] 20

Then & = i {Ar’-zr-x +A1}

4pe?

And if v £ 1, it implies that
1( 4% -1 1+@B-u+2)p" ) }
=-11- +|26 - —=-1]2bt; £1
2{ 2t ( [1+@-u+1)pl™

Which also implies that

1 (4t* +2t -1
) +1

<
- 2q 4bt?
So,
e 0<1 #-2-1 1<6<1 -1 1 '
sl e e Y @
Case 3:
la, —val| € 4w -2ifv=1
then
oy ~8a3] <k 2t - = 4 (28 - 122t] -
. 1 (43 -2t-1
) szZE{WH} (10)

Hence, from equations (8), (9) and (10), the result of theorem 3 holds.
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Conclusion

Opoola differential equation, see [19], when some conditions are set in, is a generalization of
both Salagean and Al-Oboudi differential operators. This operator was used to define a new
subclass of analytic and univalent functions. New results were obtained such as the proofs of
theorem 1-3 and corollary 1. Also, the generalization of the existing results such as Remarks 1
and 2, corollaries 2and 3 were obtained in this work.
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publication of this paper.
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